Disc brake squeal is a major source of customer dissatisfaction and related warranty costs for automobile manufacturers. Although mode coupling is recognised as a mechanism often found in squealing brakes, recent research results show that friction induced pad-mode instabilities could be the cause of instantaneous mode squeal reported in the literature. In this paper, the nonlinear characteristics of instantaneous mode squeal initiated by pad-mode instabilities are studied by analysing phase space plots of vibrations and sound pressure for a numerical model of a pad-on-plate system as the friction coefficient increases. Results show that as the friction coefficient increases from 0.05 to 0.65, attractors of vibration in the phase space transits from limit cycle to quasi-periodic, showing signs of approaching chaotic behaviour. It is shown here that the correlation of the sound pressure behaviour in the phase-space with structural vibration is crucial to understanding the role of pad modes and nonlinearity in instantaneous mode squeal.
INTRODUCTION
Brake squeal is a significant cost-warranty NVH (noise, vibration and harshness) issue for the automotive industry. Although research has been undertaken since almost a hundred years ago, not all brake squeal mechanisms are sufficiently understood or even discovered. Among the mechanisms studied such as stick-slip, the negative gradient relationship between the kinetic friction coefficient and the sliding velocity, sprag-slip and mode coupling (Kinkaid et al., 2003) , mode coupling has been considered the major cause of squeal in recent years (Hoffmann and Gaul, 2008) . The current industry practice is to predict unstable vibration modes using the complex eigenvalue analysis (CEA) method. CEA is a linear analysis method but as implemented in the commercial finite element software ABAQUS (Dassault Systemes, 2010) can be applied to structural vibrations which may have weak nonlinearities in the pre-stressed static analysis. However, brake squeal may occur without instabilities predicted by the CEA such as the instantaneous mode squeal (Chen et al., 2006) , the cause of which is not clear. Recently noise dynamometer tests reveal that squeal is correlated to nonlinearity (Oberst and Lai, 2011b) and nonlinear time series analysis of the microphone signal displays the RUELLE-TAKENS route to chaos (Oberst and Lai, 2011a) . Pad-mode instabilities as investigated by Oberst (2011) and seem to be able to trigger squeal (Oberst and Lai, 2012a) and could be the cause of the instantaneous mode squeal. The objective of this study was to explore numerically the role of pad-modes and their correlation with sound radiation in a pad-on-plate model. In addition to the conventional CEA method, the direct state analysis (DSA) as implemented in ABAQUS 6.8-4 (Dassault Systemes, 2010 ) is used to help identify any potential instabilities. The acoustic radiation is calculated using the acoustic boundary element method implemented in ESI VAOne 2010 (ESI, 2010) . In addition, nonlinear time series analysis is applied to structural vibrations and the sound pressure to reveal the evolution of instabilities.
MODAL CHARACTERISTICS
The pad-on-plate model simulates the experiment of Chen et al. (2006) who has observed instantaneous mode squeal. The dimensions in mm of the plate and the pad located at the centre of the plate are 76.6×86.7×12.6 and 43×25.3×12.6 respectively. The model consists of 8496 structural and 6952 acoustic degrees of freedom (dof) with a steel pad (E = 180 GPa, ν = 0.30, ρ = 8025 kg/m 3 ) rubbing on a steel plate (E = 210 GPa, ν = 0.305, ρ = 7744 kg/m 3 ).
The material properties have been obtained by manually updating the numerical model so that the frequencies of the first three modes of the plate are the same as those obtained by Chen (2009) experimentally. The sliding speed is kept constant at 1m/s for a range of contact pressure (1 kPa, 0.5 MPa, 5 MPa, 8 MPa) and friction coefficient (μ = 0.05, 0.25, 0.45, 0.65). The speed of sound is set to c = 340 m/s and the fluid's density to ρ = 1.3 kg/m 3 . For the acoustic radiation calculations, a wrapping mesh is applied to the model. Details on the numerical procedures used for the structural and acoustic analyses can be found in or Dassault Systemes (2010). Table 1 lists (i) the system modes of the pad-on-plate model for a contact pressure of 1kPa and μ = 0.05, (ii) individual pad and plate modes under fixed boundary conditions (BC) and (iii) individual pad and plate modes under free-free BC. The system modes 1, 2, 5 and 6 obtained from the complex eigenvalue analysis correspond to resonances modes f 1 to f 4 in the model's response spectrum obtained by the forced response analysis. For each system mode, the dominant component modes obtained by modal analysis of each component are given in Table 1 . The first six mode shapes of the pad-on-plate model with eigenfrequencies ≤ 6.5 kHz are given in Figure  1 by Fletcher and Rossing (1998) . (1, 0) 7 6722 (1, 0) and P y 8 7047 P rot,z and (2, 0) The in-plane vibration modes of the plate or pad are denoted by P x (e.g., mode 5) and P y (e.g., mode 3) in the x (sliding direction) and y directions respectively. The rotational modes of the plate or pad about the x, y and z directions are denoted by P rot,x , P rot,y and P rot,z respectively. P z describes the translational rocking motion in the z-direction for the plate or pad. The motion of the system comprises two oscillating components, the plate (p, q) and the pad (r, s) ( Figure 1 ).
The first three free-free plate modes (Table 1 column (c)) are found below 11 kHz, as described by Chen (2009) , and the first mode of the pad (free BC) is found at around 25 kHz. The mode shapes of the first, the sixth and the seventh mode of the pad-on-plate model agree with the first three modes in Liew et al. (1994) of a plate with a thickness to length ratio of 1/10 (c.f. 
Mode shapes of pad-on-plate model for frequencies lower than 6.5 kHz 1 and Figure 1 but without mode seven). However, modes 2 -5 are dominated by mode shapes of the pad and for higher order modes, the mode shape sequence is different from Liew et al. (1994) . Obviously the boundary conditions have a significant influence on the frequencies of the individual pad and plate modes. Especially, in-plane modes P x , P y and P rot,z move to lower frequencies as the pad gets constrained and friction is established. One important boundary condition is to account for the stiffness provided by the anchor bracket and by the abutment clips to pad ears located at the back plate. The combined stiffness of the abutment clips and the anchor bracket could be modelled by constraining nodes of the pad or by using springs (Dai and Lim, 2008) . Results in Table 1 are obtained by constraining the four corner nodes of the pad as described by . Table 1 shows that all the pad modes under fixed BC are in the audible frequency range below 10 kHz. Chen (2009) observed instantaneous mode squeal experimentally without conventional mode coupling in their pad-on-plate system. CEA conducted for the pad-on-plate model here does not show any unstable vibration mode below 6.5 kHz for the range of contact pressure and friction coefficient. Hence, the forced vibration response using DSA analysis is conducted to examine any potential for this model to squeal.
FORCED RESPONSE (DSA)
For the forced response study the DSA as described by is used to extract the kinetic energy spectrum and the dissipated power spectrum for the whole pad-on-plate model . Figure 2 shows the effect of increasing the contact pressure (1 kPa to 8 MPa) and the friction coefficient (0.05 to 0.65) on the kinetic energy spectrum (E k ) for both the constrained but pressurised plate alone and the pad-on-plate model with friction contact. The resonances are denoted by f 1 -f 4 and can be assigned to dominant modes (Table 1) . Depicted is also the frequency of the first mode of the free-free plate and the range of squeal frequencies recorded by Chen (2009) . While the kinetic energy spectrum of the constrained plate alone does not show any peak at frequencies greater than 3.3 kHz, other plate modes are actually present up to 7 kHz. The constrained plate's resonance mode decreases from 3.28 kHz to 2.95 kHz at f 1 for the pad-on-plate model with a friction coefficient of μ = 0.001 but does not show any other peaks for frequencies up to 7 kHz. The response at f 1 is dominated by the plate's bending mode with almost no pad movement involved and does not change with increasing μ but increases with the contact pressure. When the friction coefficient is greater than 0.01, three more resonance peaks f 2 , f 3 and f 4 (see also Table 1 ) appear and the kinetic energy at these resonances increase in magnitude with increase in the contact pressure and friction coefficient. Hence, potential squeal might occur at frequencies corresponding to f 2 , f 3 and f 4 . It should be noted that the frequency at f 3 is 5.3 kHz, within the range of 5.1 -5.5 kHz of squeal recorded experimentally by Chen (2009) . While the response at f 1 is dominated by the plate's bending mode, the response at resonances f 2 to f 4 has contributions from pad modes P x and P y and is dominated by the plate's P x mode, the pad's P x mode and the plate's (0,1) mode respectively ( Table 1 ). The increase in amplitudes at resonances f 2 to f 4 is typical for friction systems eg. as observed for single mass friction oscillators (Kerschen et al., 2006) .
In order to explore further at which of f 2 , f 3 and f 4 squeal is likely to occur, it would be useful to examine the dissipated energy of the whole model at these resonances. Equation (1) depicts the energy balance for the system: E w , E k , E s and E d represent the energy provided by external forces, kinetic energy, strain energy and dissipated energy (Dassault Systemes, 2010; Liang and Feeny, 2011 ). 
Figure 3(a) shows the dissipated energy spectrum E d over a range of friction coefficients and pressures. Negative values of dissipated energy, plotted with diamond markers, represent energy provided to the system. Resonance frequencies, which can be assigned to negative dissipated energy, are indicated by a downward pointing arrow. In Figure 3(a) , the dissipated energy is positive at resonance f 1 and negative at resonances f 2 to f 4 over all friction coefficients and pressures. Here, especially resonance f 3 shows a very large frequency interval where energy is provided to the system (from 5, 166 to 5, 574 Hz). The energy provision observed in the dissipated energy spectrum is similar to the concept of feed-in energy proposed by Guan and Huang (2003) or the negative viscous work by Papinniemi (2007) but is also applicable to modes which are not predicted by CEA to be unstable. Hence negative dissipated energy may be used as a potential indicator for brake squeal propensity. It can be deduced from Figure 3 (a) that the total negative dissipated energy is larger at f 3 than either at f 2 or f 4 , indicating potentially higher brake squeal propensity at f 3 . The dissipated energy (feed-in energy) at resonance f 3 is integrated over the whole frequency range where it is negative for various contact pressures and friction coefficients. As shown in Figure 3 (b), the energy (ie, the integrated negative dissipated energy) provided to the system increases with the friction coefficient for all contact pressures and is approximately at a rate of μ 3 (cubic growth) at 8 MPa.
NONLINEAR ANALYSIS
By applying inverse Fourier transform to the forced response in the x−, y− and z−directions in the frequency domain for a point on the middle of the top surface of the pad and a point on the plate, a time history of the vibration in these directions for the pad and for the plate can be obtained (Oberst, 2011; for point P on plate. Similarly a time history of the sound pressure signal is calculated at a point 0.5 m above the centre of the contact between the pad and the plate (SAE J2521, 2006 . Only a contact pressure of 2.5 MPa (maximum according to SAE J2521 (2006)) and friction coefficients μ = 0.05, 0.25, 0.45, and 0.65 were considered. In conducting a nonlinear time series analysis of the vibration and sound pressure, the TAKENS embedding theorems were applied by estimating the auto-mutual information and the minimum of false nearest neighbours (Kantz and Schreiber, 2004; Oberst and Lai, 2011a) . With the estimated embedding parameters and the time series data, the phase space information for the vibration velocity at a point on the plate and the sound pressure was reconstructed and plotted in Figure 4 for μ = 0.05 and 0.65.
As the friction coefficient increases, the phase space diameter of the structural vibration in the x-direction at a point on the plate increases to almost three orders of magnitude indicating increasing vibration amplitudes in the sliding direction while the shape of the attractor remains qualitatively the same in the form of a torus. The attractor for the velocity in y-direction does not seem to change much, while the attractor in the out-of-plane z−direction becomes more complex (higher dimensional). Although the attractor for the sound pressure does not seem to get much larger, it becomes more complex as μ increases from 0.05 to 0.65. The correlation dimension for the out-of-plane vibration at a point on the plate and the sound pressure increases from 2.15 and 1.79 for μ = 0.05 to 3.65 and 2.42 for μ = 0.65, respectively. The 99% confidence intervals of the dimension estimates do not overlap, hence confirming the experimental results that the dimension of the acoustic radiation is one dimension less than the structural vibration (Oberst and Lai, 2009 ).
In order to examine further the dynamics of the vibrations of the pad and the plate in the three directions (v x , v y , v z ) for various friction coefficients μ = 0.05, 0.25, 0.45 and 0.65, the maximum LYAPUNOV exponent is extracted from the LYAPUNOV spectrum obtained by the algorithm of Sano and Sawada (c.f. Kantz and Schreiber (2004) ) and listed in Table 2 . For the pad, only the vibration in the sliding direction (x) with a positive maximum LYAPUNOV exponent (0.1 at μ0.05) is potentially unstable while the vibrations in y and z directions are negative indicating no tendency to become unstable for all friction coefficients. As the plate becomes destabilized by this motion of the pad in x−direction, the plate is unstable in all three directions (v x , v y , v z ) = (0.08, 0.03, 0.03) at μ = 0.65 while the pad remains only unstable in the x−direction with L max = 0.08. As shown also in Table 2 , the maximum LYAPUNOV exponent for the sound pressure (fluid) increases from −0.06 at μ = 0.05 to 0.02 at μ = 0.65. The phase-space plots in Figure 4 together with the maximum Lyapunov exponents listed in Table 2 support the finding of the forced response analysis that the in-plane pad mode in the sliding direction could be the cause of instantaneous mode squeal. 
CONCLUSIONS
Results of the pad-on-plate model from vibration and acoustic analysis suggest an instability different from the conventional mode coupling. This instability is caused by the pad mode (P x ) in the in-plane sliding direction and occurs within the instantaneous mode squeal frequency range observed experimentally by Chen (2009) . However, this instability is not detected by the complex eigenvalue analysis method. The kinetic energy and dissipated energy spectra reveal the potential to squeal at the frequency corresponding to the motion dominated by the pad mode (P x ). Nonlinear time series analysis of the vibration velocity and sound pressure confirm and reveal the evolution of this instability as the friction coefficient increases from 0.05 to 0.65.These results indicate that pad-mode instabilities and nonlinearity play an important role in instantaneous mode squeal and confirm findings of Oberst and Lai (2012a) of a pad-on-disc system. Since it is well known that not every unstable vibration will result in squeal (Shin et al., 2002) , prediction of brake squeal propensity cannot rely on CEA only and should be complemented by acoustic radiation calculations as well as kinetic energy and dissipated energy spectra obtained by forced vibration response calculations. How to incorporate nonlinear analysis efficiently in the prediction of brake squeal propensity remains a challenge (Oberst and Lai, 2012b) .
